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ABSTRACT 
 

A hydraulic jump is a natural occurrence that occurs in spillways, rivers, and other open channel 
flows when water or other liquid flowing with a high velocity discharges into a region of lower 
velocity with an attendant abrupt rise in the liquid surface. Such a phenomenon, known as hydraulic 
jump, is normally accompanied by substantial dissipation of energy. Many researchers, in the past, 
focus attention in the numerical study of the hydraulic jump, under varied working situations. Few 
attempts are made to study the occurrence analytically. In this paper, the author studied the 
incident analytically using a bouncing ball to develop a model to examine the lengths of hydraulic 
jumps in a horizontal open channel flow. The model development is based on the laws of motion, 
the principles of impulse and momentum, and the classical hydraulic jump formula. The model was 
later verified with the roller length obtained from the series of experiments conducted in a large-size 
facility. The roller length that the new model estimated compared well with the experimental results 
conducted within the Froude number ranges of 2.00 and 16.00. The model is ease to use and its 
accuracy as determined by the Pearson correlation coefficient is between 0.93 and 1.00. 
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LISTS OF SYMBOLS 
 

Fr - Froude Number; 
Reynolds number defined as- Re = ρw * Uw * DH/ µw  
µ - dynamic viscosity (N.s/m2);  
ρ - density (kg/m3);  
𝑣 is the kinetic viscosity of water. 

𝑉2 is the velocity of the ball at the positions 2 (m/s),  

𝑉1 is the velocity of the ball at the positions 1 (m/s), 

𝑑2 is the position of ball at location 2, 

𝑑2 is the position of ball at location 2, 
t, is the time of the ball’s travel from positions 1 to 2 (s), g is the acceleration due to gravity (m2/s), 
𝑉𝑎𝑣𝑔 is the average velocity in a turbulent flow between two positions (m/s), 

R is the hydraulic radius (m),  
𝛿  is the thickness of the boundary layer 

𝑣∗ is the shear velocity and is given as  
S is the water surface relative to the channel slope, 
Lr is the roller length length of a hydraulic jump measured between positions 1 and 2 (m),  
𝑟 is the Pearson Correlation Coefficient, 
x and y are the values of the two variables. 
n is the number of paired data points. 
∑x is the sum of all x values. 
∑y is the sum of all y values 
∑x2 is the sum of the squares of x values. 
∑y2 is the sum of the squares of y values. 
∑xy is the sum of the product of corresponding x and y values. 
 

1. INTRODUCTION 
 
Hydraulic jump is an event that occurs when a 
high velocity fluid transitions from supercritical 
flow to subcritical flow (Peterka, 1978; Chanson, 

2010; Carollo, 2012). It can also occur when 
steeper slopes lead to faster velocities, which 
can increase the likelihood and severity of a 
hydraulic jump or when channel geometry with 
steeper slopes leads to faster velocities, which 
can increase the likelihood and severity of a 
hydraulic jump or when channel geometry 
(narrow or constricted) channels may cause 
more dramatic jumps due to increased flow 
velocity (Boor, 1960; Busch, 1981; Chachereau 
& Chanson, 2010). 

 
It is often observed in natural channels as well as 
in open channel manmade flow structures such 
as rivers and spillways (Chachereau & Chanson, 
2011; Chanson, 2009; Chanson & Carvalho, 
2015; Ciltrin, 1939; Einwechter, 1932). The flow 
is rapidly varied and is accompanied with 
substantial turbulence, splashes, kinetic energy 
dissipation, and intense air entrainment. The 
highly turbulent transition zone is usually referred 
to as the roller length and the start of the roller 
length, the jump toe or the impingement point; 

the jump toe is the point where the developing 
boundary layer intercepts the free surface and air 
in entrained there (Felder, & Chanson, 2018; 
Felder et al., 2021; Felder & Chanson, 2017; 
Hager & Bremen, 1989; Hager et al., 1990; 
Hager, 1992). 
 

The Froude number is the primary factor in the 
determination of the nature of a hydraulic jump. It 
is given by the equation:  
 

𝐹𝑟1 =
𝑉1

√𝑔𝑑1

                                                           (1) 

 

Where: 
 

𝑉1 is the approach flow velocity, 
𝑑1 is the flow depth at position 1, 

𝑔 is the gravitational acceleration. 
 

In addition to the features of the channel bed 
such as roughness and slope, hydraulic jump 
properties can be influenced by scaling effects 
and by the inflow conditions (Montano & Felder, 
2018; Montano & Felder, 2018; Ozueigbo, 2021). 
 

A hydraulic jump is usually categorized by its 
inflow conditions based on the strength of the 
boundary layer development in the supercritical 
flows development upstream of the hydraulic 
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jump into undeveloped inflows (UD), partially 
developed inflows (PD), and fully developed 
inflow conditions (FD). The jump is classified 
based on the it’s inflow Froude number into 
Undular when the inflow Froude number is 
between 1.0 and 1.7, Weak when the inflow 
Froude number is between 1.7 and 2.5, 
Oscillating when the inflow Froude number is 
between 2.5 and 4.5, Steady when the inflow 
Froude number is between 4.5 and 9.0, and 
Strong when the inflow Froude number is greater 
than 9.0 (Mossa, 1999; Mozer & Sevam, 2024). 
 

The beneficial uses or applications of a hydraulic 
jump include: 
 

i. Energy Dissipation: Hydraulic jumps are 
often used in spillways and energy 
dissipaters to reduce the energy of fast-
moving water, preventing erosion and 
damage to downstream structures 
(Kucukali & Chanson, 2008; Leng & 
Chanson, 2015; Leutheusser & Alemu, 
1979). 

ii. Flow Regulation: Hydraulic jumps help in 
regulating flow characteristics, reducing 
the risk of damage caused by excessive 
flow speeds, particularly in river channels 
or artificial structures like sluice gates 
(Kramer et al., 2020, Kramer & Valero, 
2020). 

iii. Turbulence Induction: In some 
applications, hydraulic jumps are used 
deliberately to induce mixing or increase 
turbulence, such as in mixing chambers or 
aeration processes in water treatment 
facilities (Hoyt & Sellin, 1989, Kobus, 
1980). 

 

Fast sampling and fixed point instruments such 
as acoustic displacement meters (ADMs), Wire 
Gauges (WGs) are commonly used to measure 
the instantaneous free surface motions at a 
single fixed point per instrument (Montano & 
Felder, 2020), while LIDAR technology permits 
the concurrent and unbroken recording of the 
free surface motions with high spatial resolution, 
time-varying free-surface of hydraulic jumps 
including the average profiles, the minimum and 
maximum fee-surface elevations, the standard 
deviations and the characteristic frequencies 
along the hydraulic jump roller length (Li et al., 
2020; Wang & Chanson, 2015b; Zhang et al., 
2013; Ozueigbo & Agunwamba, 2023). 
 

Li et al., (2021) showed that good agreement 
exists when these instruments were used to 
measure the free surfaces properties such as 

elevations, fluctuations, skewness, kurtosis, and 
frequencies, as well as advanced free surface 
properties such as integral time and length 
scales. 
 

Researchers have used point instruments with 
the phase detection intrusive probe and video 
based detection to measure the free surface 
properties. Their studies concentrated either on 
the turbulent water flow properties with relatively 
low Froude number situations or on the air-water 
flow properties in the jump roller length 
(Ozueigbo & Agunwamba, 2023).  
 

Analytic modeling of hydraulic jumps was the 
subject of a few researches, while the air-water 
flow parameters were examined under a few 
specific circumstances. The size and temporal 
scales of turbulent structures are essential 
details to explain turbulent processes, which is 
crucial for the advancement of analytic models 
and physical measurement methods (Murzyn & 
Chanson, 2009; Ohtsu & Yasuda, 1994; 
Rajaratnam, 1965; Rajaratnam, 1967). 
 

Hence, this work aims to develop an analytic 
model of hydraulic jump for a wide range of flow 
with Froude numbers between 2.26 and 16.00.  
 

2. EXPERIMENTAL CONFIGURATION 
 

The experimental facilities, a vertical gate 
provided supercritical inflow. The height of the 
channel side walls was 2.5 m, such that the 
maximum inflow velocity was confined to 3.5 m/s. 
A constant head tank with a base 2 m x 2 m x 3 
m high fed the channel. Discharges up to 250 l/s 
were run. The tank was divided by a vertical 
porous wall with Fig. 1. Inlet to (a) channel 3, (b) 
channels 1 and 4; longitudinal section. The 
transition from the tank to the channel was well 
rounded both along the sidewalls, along the tank 
bottom to the channel bottom (40 cm above it), 
and along the vertical, moveable gate. The inlet 
shape resembled a high-head intake. Further 
details on the experimental facility can be found 
in (Hager et al., 1990). 
 

Table 1 summarizes the characteristics of 
selected experiments of hydraulic jump based on 
smooth bed condition The Reynolds number is 
defined as; 
 

Re = 4V1R/𝑣                                               (2) 
 

Where V1 is the velocity, R as hydraulic            
radius at the toe of jump and 𝑣  is the kinetic 
viscosity of water. Characteristics of roller length 
observation for classical hydraulic jump (𝑣 = 1.51 
x 10-6 m2s-1).  
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Fig. 1. Definition sketch of a hydraulic jump 
 
Table 1. Characteristics of roller length observation for classical hydraulic jump (𝝂= 1.51 x 10-5 

m2s-1) 
 

Author b (cm) d1 (cm) Fr1 Re x10-5 Formula 

Safranez, (1929) 
Einwechter, (1932) 
Pietrkowski, (1932) 
Bakhmeteff & Matzke, 
(1936) 
Schroder, (1963) 
Rajaratnam, (1965) 
 
 
 
Sarma & Newham, 
(1973) 
Hager et al., (1990) 
 

49.9 
25.0 
10.0 
15.24 
 
 
59.8 
30.8 
16.7 
33.3 
50.0 
 
30.5 
50 
50 

0.71 – 5.7 
1.0 – 1.09 
0.5 – 1.46 
1.0 – 7.75 
 
 
3.4 – 10.2 
1.55 – 6.13 
1.36 – 3.18 
1.98 – 0.70 
0.66 – 8.04 
 
2.1 – 6.7 
5.4 – 54.7 
5.4 – 54.7 

1.72 – 19.1 
2.5 – 6.95 
5.5 – 19.8 
1.96 – 8.7 
 
 
1.83 – 9.93 
2.68 – 9.78 
3 – 6 
3 – 6 
3 – 6 
 
1.21 – 3.79 
2.88 –5.96 
2.88 – 5.96 

0.58 – 2.54 
0.29 – 0.73 
0.83 – 1.72 
0.49 – 3.87 
 
 
4.44 – 10.6 
1.95 – 4.19 
0.86 – 9.88 
1.71 – 7.31 
0.35 – 17.3 
 
1.11 – 1.97 
0.19 – 10.2 
0.19 – 10.2 

𝜆𝑟 = 6𝐹𝑟1 
- 
𝜆𝑟 = 5.9𝐹𝑟1 
Diagram 
 
 

𝜆𝑟 = 40erf 

[
1

16
(1 + 8𝐹𝑟1

2)0.5 − 3] 

- 
- 
 
- 
- 
𝜆𝑟 = 6.73(𝐹𝑟1 − 1) 

𝜆𝑟 = −12 + 160𝑡𝑎𝑛ℎ(𝐹𝑟1/20) 
𝜆𝑟 = −12 + 100𝑡𝑎𝑛ℎ(𝐹𝑟1/12.5) 

 
These researchers used point-source 
measurements (Table 1). 

 
3. METHODOLOGY 
 
The author uses the existing rules of the 
Newton's Second Law of Motion, the continuity 
and momentum equations, and the classical 
hydraulic jump equation to build this model 
(Bélanger, (1841). He uses the equation of 
motion to calculate the trajectory of an elastic 
pinball as it bounces on a plain horizontal surface 
and compares it to the profile of a flow with a 
hydraulic jump (Fig. 2). 
 

2a) The motion of a bouncing ball obeys 
projectile motion the following forces act on a ball 
during its flight: gravitational force, drag force 
due to air resistance, Magnus force due to the 
ball’s spin, upwards buoyance force due to the 
ball’s immersion in air. Usually, the Newton’s 
second law of motion considering all forces is 
used to study the motion of a ball. Because the 
other forces are normally small, the motion of a 
ball is frequently idealized as being influenced 
only by the gravitational force (Cross, 2019; 
Cross & Crawford, 2019).  
 

If it is only the gravitational force that acts on the 
ball, the mechanical energy will be conserved 
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during its flight. In this case, the equations of the 
motion of a ball are given by: 
 

𝑉2 = 𝑉1 + 𝑔𝑡                                                                    (3)  

 

𝑑2 = 𝑑1 + 𝑉1𝑡 +
1

2
𝑔𝑡2                                                  (4) 

 
Simplifying (4), gives t as  

 

𝑡 = √2𝑑1 (𝑑2 𝑑1⁄ − 1) 𝑔⁄                                             (5) 

 

𝑜𝑟 𝑡 = √2𝑑1 𝐴 𝑔⁄                                                            (6) 

 
Where  
 
𝐴 = (𝑑2 𝑑1⁄ − 1)                                                            (7) 
 

Where 𝑉2 and 𝑉1(the velocity) and 𝑑2and 𝑑1  (the 
position) represent the velocities and locations of 
the ball at the positions 2 and 1 respectively, 
while t, is the time of the ball’s travel from 
positions 1 to 2, and g is the acceleration due to 
gravity. 
 

2b) According to Giles et al., (1994), the average 
velocity of flow in a turbulent flow for a wide 
channel with smooth surfaces, is given as; 

 
𝑉𝑎𝑣𝑔 = 2.5𝑣∗ 𝑙𝑛(41.2 𝑅 𝛿⁄ )                                          (8) 

 
Where 𝑉𝑎𝑣𝑔 is the average velocity in a turbulent 

flow between two positions, 

 
R is the hydraulic radius, which for a wide 
channel is d1, 

 
𝑅 =  𝑑1                                                                              (9)  

 
𝛿  is the thickness of the boundary layer and is 
given as; 
 
𝛿 = 11.6 𝜈 𝑣∗    ⁄                                                            (10) 
 

Where, 

  
𝑣∗ is the shear velocity and is given as,  

 

𝑣∗ =  √𝑔𝑆𝑅                                                                   (11) 

 
S is the water surface relative to the channel 
slope and is given as;  

𝑆 = (𝑑2 − 𝑑1) 𝐿𝑟⁄                                                        (12)  
 

Where Lr is the length of the hydraulic jump 
measured between positions 1 and 2. 
 

Substituting (9) and (10) in (12) and simplifying 
gives 𝑣∗, the shear velocity as; 
 

𝑣∗ =  √𝑔𝑑1
2 𝐴 𝐿𝑟⁄                                                          (13)  

 

Substituting (13) in (10) and simplifying gives 
 

Substituting (9) and (11) in (6) and simplifying 
gives 𝛿 as; 
 

𝛿 = 11.6 𝜈 (√𝑔𝑑1
2 𝐴 𝐿𝑟⁄ )    ⁄                                    (14)   

 

Substituting (9), (13), and (14) in (8), and 

simplifying gives 𝑉𝑎𝑣𝑔  as; 

 

𝑉𝑎𝑣𝑔 = 2.5𝑑1√
𝑔𝐴

𝐿𝑟
 𝑙𝑛 (41.2𝑑1

2
√𝑔 𝐴 𝐿𝑟⁄

11.6𝜐
)                        (15) 

 

2c) Pearson Correlation Coefficient, a            
popular statistical analysis, is used to            
evaluate the accuracy of the developed model. 
The Coefficient is a linear correlation           
coefficient that returns a value of between -1 and 
+1. -1 means a strong negative correlation, 0 is 
there is no correlation and +1 there is a strong 
positive correlation (Stephanie G. 2020).  
 

The formula for the manual computation of 
Pearson's correlation coefficient is: 
 

𝑟 =
𝑛 ∑ 𝑥𝑦 − ∑ 𝑥 ∑ 𝑦

√(𝑛 ∑ 𝑥
2

− (∑ 𝑥)2)(𝑛 ∑ 𝑦2 − (∑ 𝑦)2)

                     (16) 

 
Where: 
 

• x and y are the values of the two 
variables. 

• n is the number of paired data points. 

• ∑x is the sum of all x values. 

• ∑y is the sum of all y values 

• ∑x2 is the sum of the squares of x 
values. 

• ∑y2 is the sum of the squares of y 
values. 

• ∑xy is the sum of the product of 
corresponding x and y values 
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Fig. 2. Flow at a drop structure 
 

4. FORMULATION OF THE MODEL 
 
𝑑2

𝑑1

=  
1

2
[√1 + 8𝐹𝑟1

2 − 1]                                         (17)  

 
Equation (17) is a well-known classical hydraulic 
formula. 
 
where the Fr1 is the Froude number at position 1, 
 
d is the water depth, g is the gravity                
constant, and the subscripts 1 and 2 are the 
upstream and downstream flow parameters, 
respectively. 
 
Rearranging (17), yields 
 

𝐴 =
𝑑2

𝑑1

− 1 =  
1

2
[√1 + 8𝐹𝑟1

2 − 1.5]                      (18) 

 

𝐿𝑟 = 𝑉𝑎𝑣𝑔𝑡                                                                      (19) 
 

Substituting (6) and (15) in (19) and simplifying, 
yields  
 

 𝐿𝑟 = 2.5𝑑1√
𝑔𝐴

𝐿𝑟
√2𝑑1 𝐴 𝑔⁄ 𝑙𝑛 (41.2𝑑1

2 √𝑔𝐴 𝐿𝑟⁄

11.6𝜐
)              (20) 

 

Simplifying (20) further, yields  
 

(𝐿𝑟)1.5 = 3.536𝐴𝑑1
1.5𝑙𝑛 (1.134𝑑1

2√
1

𝐿𝑟

√𝐴

𝜐
)                   (21) 

Where, 𝐴 =  
1

2
[√1 + 8𝐹𝑟1

2 − 1.5] 

 

Verification of the Developed Model: The 
author verifies the developed model (21) with the 
experimental roller length and the results are 
presented. 

5. RESULTS AND DISCUSSION   
 

5.1 Relationship between the Measured 
Roller Length and the Computed 
Roller Length of Fully Developed 
Hydraulic Jump Using the Developed 
Model (Eq 21)  

 

Fig. 3a through Fig. 3h show the comparison of 
the measured roller length and the estimated 
roller length of a fully developed hydraulic jump 
with the Froude numbers between 2.26 and 
15.96.  
 

The figures show that the measured roller length 
compare well with the roller length computed with 
Eq (21) - the developed model with the Pearson 
correlation coefficients between 0.98 and 1.00.  
 

The figures show that the measured and the 
developed model’s roller length lengths increase 
rapidly with increasing Froude Numbers, which is 
in line with reports recorded in the literature.  
 

5.2 Relationship between the Measured 
Roller Length and the Roller Length 
of Fully Developed Hydraulic Jumps 
Computed with the Developed Model 
(Eq 21)  

 

Fig. 4a through Fig. 4h show the comparison of 
the measured roller length and the estimated 
roller length of fully developed hydraulic jumps 
predicted by the developed model (Eq 21) with 
the Froude numbers between 2.26 and 15.96.  
 

The figures show that all the measured roller 
length compare well with the roller length 
computed with the developed model with the 
Pearson correlation coefficients between 0.93 
and 1.00.  
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Fig. 3a. Froude number, Fr1, of between 2.26 and 8.56 plotted as a function of the 
dimensionless hydraulic roller length length, Lr(estimated)/d1 and Lr(measured)/d1, of between 

67 and 43. The Pearson Correlation Coefficient is 0.97 
 

 
 

Fig. 3b. Froude number, Fr1, of between 2.26 and 8.56 plotted as a function of the 
dimensionless hydraulic roller length, Lr(estimated)/d1 and Lr(measured)/d1, of between 57 and 

38. The Pearson Correlation Coefficient is 0.97 
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Fig. 3c. Froude number, Fr1, of between 4.33 and 15.96 plotted as a function of the 
dimensionless hydraulic roller length, Lr(estimated)/d1 and Lr(measured)/d1, of between 96 and 

36. The Pearson Correlation Coefficient is 1.00 
 

 
 

Fig. 3d. Froude number, Fr1, of between 2.88 and 11.37 plotted as a function of the 
dimensionless hydraulic roller length, Lr(estimated)/d1 and Lr(measured)/d1, of between 67 and 

36. The Pearson Correlation Coefficient is 0.98 
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Fig. 3e. Froude number, Fr1, of between 2.94 and 9.91 plotted as a function of the 
dimensionless hydraulic roller length, Lr(estimated)/d1 and Lr(measured)/d1, of between 62 and 

34. The Pearson Correlation Coefficient is 1.00 
 

 
 

Fig. 3f. Froude number, Fr1, of between 2.94 and 9.91 plotted as a function of the 
dimensionless hydraulic roller length, Lr(estimated)/d1 and Lr(measured)/d1, of between 62 and 

34. The Pearson Correlation Coefficient is 1.00 

5.00

10.00

15.00

20.00

25.00

30.00

35.00

40.00

45.00

50.00

55.00

60.00

65.00

2.00 4.00 6.00 8.00 10.00

Lr
/d

1

Fri

2.94 < Fr1 < 9.91

Lr(actual)/d1 Power (Lr(estimated)/d1)

7.00

12.00

17.00

22.00

27.00

32.00

37.00

42.00

2.30 3.30 4.30 5.30 6.30

Lr
/d

1

Fr1

3.06 < Fr1 < 6.91

Lr(actual)/d1 Power (Lr(estimated(/d1)



 
 
 
 

Ozueigbo; J. Eng. Res. Rep., vol. 27, no. 1, pp. 123-139, 2025; Article no.JERR.127641 
 
 

 
132 

 

 
 

Fig. 3g. Froude number, Fr1, of between 2.38 and 5.38 plotted as a function of the 
dimensionless hydraulic roller length, Lr(estimated)/d1 and Lr(measured)/d1, of between 30 and 

36. The Pearson Correlation Coefficient is 0.93 
 

 
 

Fig. 3h. Froude number, Fr1, of between 3.80 and 8.50 plotted as a function of the 
dimensionless hydraulic roller length, Lr(estimated)/d1 and Lr(measured)/d1, of between 10 and 

50. The Pearson Correlation Coefficient is 0.98 
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Fig. 4a. Dimensionless comparison between the calculated roller length of a hydraulic jump 
(Eq. 21) (vertical axis) and measured (horizontal axis) for Froude number, Fr1, of between 2.96 

and 11.12. The Pearson Correlation Coefficient is 1.00 
 

 
 

Fig. 4b. Lr(actual)/d1 plotted as a function of Lr(estimated)/d1 for Froude number, Fr1, of 
between 2.96 and 11.12. The Pearson Correlation Coefficient is 1.00 
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Fig. 4c. Lr(actual)/d1 plotted as a function of Lr(estimated)/d1 for the Froude number, Fr1, of 
between 4.33 and 15.96. The Pearson Correlation Coefficient is 1.00 

 

 
 

Fig. 4d. Lr(actual)/d1 plotted as a function of Lr(estimated)/d1 for Froude number, Fr1, of 
between 2.88 and 11.37. The Pearson Correlation Coefficient is 0.98 
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Fig. 4e. Lr(actual)/d1 plotted as a function of Lr(estimated)/d1 for Froude number, Fr1, of 
between 2.94 and 9.91. The Pearson Correlation Coefficient is 1.00 

 

 
 

Fig. 4f. Lr(actual)/d1 plotted as a function of Lr(estimated)/d1 for Froude number, Fr1, of 
between 3.06 and 6.71. The Pearson Correlation Coefficient is 0.99 
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Fig. 4g. Lr(actual)/d1 plotted as a function of Lr(estimated)/d1 for Froude number, Fr1, of 
between 2.38 and 5.38. The Pearson Correlation Coefficient is 0.99 

 

 
 

Fig. 4h. Lr(actual)/d1 plotted as a function of Lr(estimated)/d1 for Froude number, Fr1, of 
between 3.80 and 8.50. The Pearson Correlation Coefficient is 0.95 

 

7. CONCLUSION 
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obtained in a large-size facilities. The measured 
and the estimated dimensionless roller length of 
the hydraulic jump are virtually identical with 
each other and increase rapidly with the 
increasing Froude numbers, which is in line with 
reports recorded in the literature. The developed 
model (Eq 21) predict values of the roller length 
of hydraulic jumps that compare well the 
measured roller length with the Pearson 
correlation coefficients of between 0.93 and 1.00.  
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